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Bulk glasses of Se75 In25-x Pbx (when n = 0, 4, 6, 10) systems and thin films have been prepared by the 
conventional melt quenching technique and by thermal evaporation technique, respectively. The optical 
constants (absorption coefficient (α), refractive index (n), extinction coefficient (k)) have been studied 
for Se-In-Pb thin films as a function of photon energy in the wavelength range (300-900 nm). Spectral 
dependence of transmittance (T) and reflectance (R) in the spectral range (300-900 nm) of glass Se-In-
Pb have also been observed at various concentrations of Te and Pb. The effect of compositional 
variation on some optical constant has been observed and discussed in the present investigation. 
 
Key words: optical constants, thin films, chalcogenide glasses. 

 
  
INTRODUCTION 
 
Chalcogenide glasses have been studied intensively in 
the last few years owing to their interesting properties 
and technological applications (Al-Ghamdi, 2006). They 
are materials used in optical and photonic devices. They 
have good electro-optic, thermo-optic, magneto-optic, 
acousto-optic properties, high refractive index (Barman 
and Sharma, 2013) and I R transparency (Zakery and 
Elliott, 2003). A good deal of information regarding the 
synthesis and opto–electro-structural properties of thin 
films of lead chalcogenides have been revealed by 
Kumar et al. (2005). The development of laser technology 
had opened up new application for narrow gap lead salts 
and their alloys. The polycrystalline thin films were 
deposited onto optically plane and chemically clean glass 
substrates by vacuum evaporation technique. The films 
were thin, uniform, smooth and tightly adherent to the 
substrates. Optical absorption spectroscopy, X-ray 
diffraction technique and current–voltage characteristics 
method were used to characterize the films.     

Chalcogenide glasses material heating to melting is the 
form of a liquid and at some instance; it freezes the 
position of every atom by quenching. Even in this freezed 

position, they retain short range order and the position of 
the nearest neighbour remains nearly the same. These 
glasses are useful in the preparation of passive devices 
like lenses, windows, fibers (Books et al., 1999; Hoede et 
al., 2001), active devices like laser fiber amplifiers 
(Schweitzer et al., 2001) and non-linear components 
(Dixit and Vijaya, 2001). The present work has been 
carried out in order to investigate some optical properties 
of Se75 In25-x Pbx system. The effect of incorporation of 
lead in Se-In alloy can change the structural and optical 
properties of the system.  
 
 
METHODOLOGY 
 

Glassy alloys of Se-In-Pb (x=0, 4, 6, 10) have been prepared by 
melt-quenching techniques. Extra pure materials (99.99%) were 
weighed according to their atomic percentage and sealed in 6 cm 
long quartz ampoules with diameter 6 mm in the vacuum of 10

-5
 

torr. The sealed ampoules were kept in a furnace at 700°C and 
were held at the same temperature for about 10 h. The temperature 
of the furnace was raised slowly at a rate of 3-4°C/min. During 
heating, all the ampoules were constantly rocked for better 
homogenization of the alloys. This was achieved with the help of a
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Table 1. Variation of Absorption coefficient () with photon energy in a se75 In25-x Pbx thin films at room temperature. 
 

S/N Photon energy E (eV) 
Absorption coefficient () in cm

4 

Se75In25 Pb0 Se75In21 Pb4 Se75In19 Pb6 Se75In15 Pb10 

1 1.377 15555.556 7777.778 N/A 3888.889 

2 1.458 15555.556 7777.778 3888.889 3888.889 

3 1.549 14000.00 6222.222 4666.667 4666.667 

4 1.906 22555.556 6222.222 17888.889 23333.333 

5 2.065 38888.889 15555.556 27222.222 38888.889 

6 2.253 62222.222 29555.556 49777.778 56000.000 

7 2.478 79333.333 42000.000 73888.889 70000.000 

8 2.753 101111.111 56000.000 101111.111 101111.111 

9 3.540 112777.778 88666.667 163333.333 136111.111 

10 4.130 217777.778 217777.778 256666.667 256666.667 
 
 
 

ceramic rod to which all the ampoules were tucked away in the 
furnace. Rotating the same rod after every five minutes interval of 

time did this. Thereafter, the obtained melts were cooled rapidly by 
removing the ampoules from the furnace and quenching into the ice 
cold water. The quenched samples were taken out by breaking the 
ampoules. The amorphous nature of the glassy alloys was 
identified by X - Ray diffraction. Thin films of glassy alloys of 
thickness (~300 nm) were prepared by thermal evaporation 
technique in which substrate was kept at room temperature at a 
base pressure of 10

-4
 torr using the molybdenum boat; the film was 

kept inside the deposition chamber for 24 h to achieve the stable 
equilibrium (Ogusk et al., 2004). The thickness of the film was 
measured by a single crystal thickness monitor. In order to measure 
the optical absorption reflection, transmission as a function of 
wavelength (300-900 nm), a double UV/VIS/NIR computerized 
spectrophotometer (JASCO V-500) has been used. 
 
 
RESULTS AND DISCUSSION 
 

The value of optical absorption coefficient () as a 
function of incident photon (hv) for deposited thin films of 
Se75 In25-x Pbx where x= 0, 4, 6, 10 at room temperature 

are shown in Table 1. The absorption coefficient () has 
been obtained directly from the absorbance against 
wavelength curves using the relation  
 

=OD/t                                                          (1) 
 

Where  OD is the optical density measured at a given 
layer thickness (t).  

It has been observed in Table 1 that the value of 

absorption coefficient () increases linearly with the 
increase in photo energy of Se75 In25-x Pbx. According to 
Mott and Davis (1979), the absorption of light by 
amorphous solids depends on the energies of the 
incident photon and on the optical band gap of the 
material. Thus the behavior may be represented by the 
following equation.  
 

 h=B (h - Eg)                                              (2) 
 
Where B is a constant which depends on the transition  

probability, hv is energy of incident photon, Eg is optical 
band gap of the material, r is an index which depends on 
the nature of transition (Hasegawa et al., 1978) where r = 
1/2 and r = 2 for allowed direct transition and indirect 
transition, respectively.  

The present system obeys the rule of indirect transition 
and the relation between optical gap, optical coefficient 

(), and the energy h of the incident photon is given by  
 

 (h)
1/2

  =A(h - Eg)                                           (3) 
 

Where  obeys - Urbach relation (Urbach, 1953) 
 

  = exp [A(h - h0 )]/kT                                   (4) 
 

Where A is a constant of the order of unity, 0 is the 
constant corresponding to the lowest excitonic frequency.  

The variation of (h)
1/2

 with photon energy h for Se75- 
In25 - x Pbx films are shown in Figure 1. The value of 
indirect optical band gap (Eg) has been calculated by 
taking the intercept on the x-axis. The calculated values 
of Eg are given in Table 2. It is evident from the table  
that the value of optical band (Eg) increases from 1.24 to 
1.32 with increasing Pb content in Se75 In25- x Pbx. The 
increase in the Eg with increasing Pb may be due to 
increase in grain size, the reduction in the disorder, and 
decrease in density of defect states.  

The value of Eg decreases from 1.32 to 1.25 with 
increasing Pb concentration in Se25 In25-x PbX sample, 
since the optical absorption depends on the short range 
order in the amorphous state and defects associated with 
it. The decrease in the optical band gap in the present 
system may be due to reduction of the amount of 
disorder in the system and increase in the density of 
defect state. It may be due to (Borgogro et al., 1982) the 
shift in Fermi level whose position is determined by the 
distribution of electrons over the localized states (Miller et 

al., 1988). The values of the variation of (h)
1/2

 with 
photon energy (hv) for Se75 In25- x Pb x films are given in 
Table 3. 
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Figure 1. Variation of ( h)
1/2

 with photon energy in a  Se75 In25-x Pbx thin films at room temperature.  

 
 
 

Table 2. Optical parameter in Se75In25-x PbX thin film at 700 nm at RT. 
 

X Eg (eV)  (cm
-1
) (10

4
) N k (10

-3
) 

'

r  
"

r  R% T% 

0 1.50 0.7 2.016 0.390 4.067 0.00157 15.63 65.625 

2 1.24 0.388 2.575 0.2167 6.630 0.0011 29.16 70.625 

6 1.32 1.166 5.279 0.6502 27.868 0.00686 75.62 58.33 

10 1.25 1.166 2.660 0.6502 7.080 0.00346 31.25 64.166 

 
 

 
The variation of reflectance (R) in percentage for the 

present system of Se75 In25-x Pbx is shown in Table 4. The 
table shows that the reflectance (R) increases with the 
increase in wavelength. Similarly, the transmittance (T) 

has also been shown for Se75 In25- x Pbx in Table 3. It is 
evident from the table that the percentage in the 
transmission increases with respect to wavelength. It is 
clear from  the  table  that  the  value  of the  transmission  
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Table 3. Variation of ( h)
1/2

 with photon energy in a - se75 In25-x Pbx thin films at room temperature.  
 

S/N Photon energy E (eV) 
Absorption coefficient () in Cm

4 

Se75In25 Pb0 Se75In21 Pb4 Se75In19 Pb6 Se75In15 Pb10 

1 1.377 146.338 103.477 N/A 73.169 

2 1.441 150.581 106.477 75.290 75.290 

3 1.511 147.250 98.167 85.015 85.015 

4 1.588 124.172 87.803 101.386 113.353 

5 1.674 111.310 82.966 143.701 143.701 

6 1.770 207.351 108.906 184.659 210.896 

7 1.877 283.382 179.227 237.095 283.382 

8 1.998 374.392 258.032 334.867 355.180 

9 2.136 443.382 322.608 427.898 416.485 

10 2.294 527.629 392.666 527.629 527.629 

11 2.478 580.761 478.404 649.311 620.860 

12 2.693 631.849 560.250 760.395 694.142 

13 2.950 948.379 948.379 1029.579 1029.579 

14 3.261 N/A N/A N/A N/A 
 

N/A, Not available. 

 
 
 

Table 4. Variation of reflection (R) in % with wavelength in a-se75 In25-x Pbx thin films at room temperature.  
 

S/N Wave length in nm 
Reflection (R) in %

 

Se75In25 Pb0 Se75In21 Pb4 Se75In19 Pb6 Se75In15 Pb10 

1 900 87.500 62.500 31.250 28.125 
2 800 70.833 54.583 60.417 13.750 
3 700 15.625 29.167 75.625 31.250 
4 600 46.875 14.583 30.208 41.667 
5 500 31.667 32.500 41.667 28.125 
6 400 30.208 31.250 36.458 31.667 
7 300 28.333 22.917 29.167 22.917 

 
 
 

Table 5. Variation of transmission (T) in % with wave length in a se75In25-x Pbx thin films at room temperature.  
 

S/N Wave length in nm 
Transmission  (T) in %

 

Se75In25 Pb0 Se75In21 Pb4 Se75In19 Pb6 Se75In15 Pb10 

1 900 40.000 56.250 75.000 82.500 

2 800 44.792 61.458 78.125 85.938 

3 700 65.625 70.625 58.333 64.167 

4 600 14.583 48.958 19.792 21.771 

5 500 2.083 15.625 3.125 3.438 

6 400 N/A 3.125 0.208 0.229 

7 300 N/A 0.208 N/A N/A 
 

N/A, Not available. 
 
 

 

starts decreasing after about 600 nm (Table 5). The 
refractive index (n) and extinction coefficient (k) have 
been calculated by using the theory of reflectivity of light 
for the above sample discussed. According to this theory, 
the reflectance of light from this film can be expressed in 
turn of fresnel's coefficient. The reflectivity (Scott et al.,  

1982) on a interface can be given by: 

 
R=[(n-1)

2
 +k

2
]/[(n+1)

 2
  + k

2
                              (5) 

 
=4πK/                                                        (6)
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Figure 2. Variation of  refractive index (n) with photon energy in a Se75In25-x Pbx  thin films 

at room temperature.  

 
 
 

Where  is the wavelength 
The spectral dependence of refractive index (n) and 

extinction coefficient (k) for Se75 In25- x Pbx thin films are 
shown in Figures 2 and 3, respectively. The value of 
refractive index (n) and the value of extinction coefficient 
(k) increases with increasing photon energy conclusion.  
 
 
Conclusion 
 
In this paper we systematically studied the chemical 
modification of Se75 In25 - x Pbx  glass system 
incorporated with Pb. It was found in the optical 
investigations that the optical band gap increases up to 

4% of Pb concentration in Se75 In25-x Pbx; with further 
increase of Pb content, the optical band gap decreases in 
the present system. The increase in the optical band gap 
with increasing Pb content may be due to the increase in 
the grain size, the reduction in the disorder and decrease 
in the density of defect states. The value of optical band 
gap (Eg) decreases at higher Pb concentration. The 
decrease in the optical band gap in the present system 
may be due to reduction in the amount of disorder in the 
system and increase in the density of defect states. From 
the reflectance and transmittance studies of the film of 
Se75 In25 - x Pbx, it may be concluded that the refractive 
index (n) decreases, while the value of the extinction 
coefficient k increases with photon energy.  
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Figure 3. Variation of extinction coefficient (K) with photon energy in a Se75In25-x Pbx thin 

films at room temperature.  
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In this paper, we derived a continuous linear multistep method (LMM) with step number k = 4 through 
collocation and interpolation techniques using power series as basis function for approximate solution. 
An order-seven scheme is developed which was used to solve the third-order initial value problems 
(IVPS) in ordinary differential equation without first reducing to a system first-order. Taylor’s series 
algorithm of the same order was developed to implement our method. The result obtained was 
compared favourably with existing methods. 
 
Key words: Continuous collocation, multistep methods, interpolation, third-order, power series. 

 
  
INTRODUCTION 
 
Linear multistep methods (LMMs) are very popular for 
solving first-order initial value problems (IVPS). 
Conventionally, they are used to solve higher order 
ordinary differential equations by first reducing them to a 
system of first-order. This approach has been extensively 
discussed in Bruguano and Trigiante (1998), Lambert 
(1973) and Fatunla (1988). However, the method of 
reducing to a system first-order has some serious 
drawback which includes wastage of human effort and 
computer time (Butcher, 2003).  

The general k-step method or LMM of step number k is 
as given in Lambert (1973).  
 

            (1) 
  

Where  and   are uniquely determined and 

 

The LMM in Equation (1)  generates  schemes  discrete  

schemes which are used to solve first-order ordinary 
differential equations. Various form of this LMM has been 
developed (Awoyemi, 2003; Henrici, 1962; Lambert, 
1973; Fatunla, 1988). Other researchers have introduced 
the continuous LMM using the continuous collocation and 
interpolation approach. This has led to the development 
of continuous LMM of form 

 

          (2) 
 

  and   are expressed as continuous functions of t 

and are at least differentiable once. 
The introduction of continuous collocation methods as 

against the discrete schemes enhances better global 
error estimation and ability to approximate solution at all 
interior points. In this study, we shall develop continuous 
multistep collocation method for the solution of third-order 
ordinary differential equations using power series as the 

 

*Corresponding author. E-mail: adoghelarry@gmail.com. 
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basis function. 
 
 
Power series collocation 
 
In Awoyemi (1999) and Onumanyi et al. (1993), some 
continuous LMM of the type in Equation (2) were 
developed using the collocation function of form: 

 

                        (3) 

 
However, Adeniyi and Alabi (2006) used Chebyshev 
polynomial function of the form 

 

                                   (4) 

 
Where   are some Chebyshev function to develop 

continuous LMM. 
Power series is proposed as basis function for deriving 

continuous LMM based on the property of analytic 
function that given the Taylor’s polynomial of the form: 

 

            (5) 

 
The approximate function p(x) reduces to Y(x) as  

In this study, we proposed the polynomial function of 
the form as follows (Okunuga and Ehijie, 2009): 

 

            (6) 

 
which is of the type in Equation (3) to develop a 
continuous LMM for the solution of IVPS of the form: 

 
,  

                        (7)         

 

 
DERIVATION OF THE METHOD 

 
In this section, we approximate the exact solution  

by a polynomial of degree M of the form: 

 
 
 
 

           (8) 

 
 

 
       

                                                                                            
 (9) 

 
Differentiating Equation (9) up to the third-order to obtain  
 

(10)  

 
Interpolating Equation 9 at  and 

collocating Equation 10 at  we 

have 

 
 

 
 

                                                                
 

   

 
Collocating Equation (10) at , we 

have 

 
 

 
 

 
 

 
 

 

Multiplying the collocation by  yield 

 
=                          

 

  

 

 
 

  
 
Hence the matrix equation is given as: 
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The matrix above is solved to obtain the values of 

, which are then substituted into 

Equation (6). 
After some algebraic simplification, we obtained a 

continuous polynomial, which is then evaluated at 

. The resulting k-step LMM is of the form: 

 

       (12a) 

 
 
SPECIFICATION OF THE METHOD 

 
Let 

 

        (12b) 

 
as in Equation (6). By letting M = 2K, then 

 

        (13) 

 
=  

 
(14)                                                                                    
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Differentiating Equation (14) up to the third order, we 
have 
 

 

                            
 (15) 

       

Interpolating Equation (13) at  

and collocating Equation (15) at 
 to give the system of 

equation 
 

        (16a) 
 

      (16b) 
 
The matrix equation arising from this is given as: 
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Equation (17) is solved by Gaussian elimination or matrix 

inversion to obtain the 2k which when 

substituted in Equation (13), we have the continuous 
polynomial given by: 
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 (18)                           

 

Evaluating Equation (18) at  yield the following 

discrete:  
 

(19)     

 
 
ANALYSIS AND IMPLEMENTATION OF THE METHOD 
 
The method Equation (19) is a specific member of the 
conventional LMM which can be expressed as  
 

                      (20) 
 
This can be written symbolically as:  
 

                        (21) 

 

E is the shift operator defined as  and  

and  are respectively the first and second 

characteristics polynomial of the LMM defined as: 
 

        (22) 
 
Following Fatunla (1988) and Lambert (1973), we define 
the local truncation error associated with Equation (20) by 
the difference operator 
 

        (23) 

 
where  is assumed to have continuous derivatives of 

sufficiently high order. Therefore, expanding Equation 

(23) in Taylor series about the point  to obtain the 

expression  

 
 (24) 

 
where the   are defined as 

 
 
 
 

 
 

 
 

 
 

 
 
In the sense of Lambert (1973), we say that the method 
of Equation (20) is of order p and error constant  if  

 

  

 
Using the concept above, the method Equation (19) has 
order   and error constant given by: 

 

 

 
In order to analyze the method for zero stability we write:  
 

,  

 
Where is a factor 

Therefore we have   

 
 

 

And   and so that  . Thus the method 

is zero stable 

 
 
IMPLEMENTATTION 
 
Single step method can be used to solve higher order 
ordinary differential equations directly without the need to 
first reducing it to an equivalent system of first order.  

Consider the IVPS in Equation (7). For our method of 
order p = 7, Taylor series expansion is used to calculate 

 
 and their first, second, third 

derivatives up to order p = 7 
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Table 1. Results of test Problem 1. 
 

X-value Exact solution 
New result  

(p = 7) 

Error in Adesanya (2011) 
Block method (P = 7) 

Error in our new method                
(P = 7) 

0.1 4.98752E-003 4.98752E-003 1.189947E-11 1.1899E-11 

0.2 1.98011E-002 1.98011E-002 3.042207E-09 3.0422E-09 

0.3 4.39996E-002 4.39997E-002 7.779556E-08 7.7796E-08 

0.4 7.68675E-002 7.68676E-002 7.746692E-07 1.5559E-07 

0.5 1.174433E-00 1.174437E-00 4.59901E-06 3.0541E-07 

0.6 1.645579E-001 1.64558E-001 6.478349E-06 4.6102E-07 

0.7 2.16881E-001 2.16881E-001 5.783963-06 3.138E-07 

0.8 2.72975E-001 2.72976E-001 2.354715E-06 7.0374E-07 

0.9 3.31350E-001 3.31352E-001 3.766592E-06 1.0177E-06 

1.0 3.905280E-001 3.90531E-001 1.23312E-05 1.6528E-06 

 
 
 

  

 

 

 

 

 

Then the known values of  and  are substituted into 

the differential equations. Next the differential equation is 
differentiated to obtain the expression for higher 
derivatives using partial differentiation as follows: 

 
   

 

 

 

  
 

,  

 
where  

 

   , and     

           
 

 where p is the order of the method.  

 
 
Numerical experiments 

 
Our methods of order p = 7 were used to solve some  

IVPS of both general and special nature using Taylor’s 
series. Our results were compared with the results of 
other researchers in this area. 

The following IVPS were used as test problems: 

 

1)  

Exact solution: , 

2)  

Exact solution: , 

3)  

Exact solution: .  

 
The results of these problems were compared with that of 
Adesanya (2011), Awoyemi (2003) and Olabode (2007) 
which were implemented in predictor corrector mode and 
block method, respectively. 

The error in this experiment is defined as: 

 

,  

 
Where y(x) is the exact solution and yn(x) is the computed 
result.       

 
 
Conclusion 

 
We have developed a -step LMM using power series 

collocation method. A new scheme with continuous 
coefficient is obtained which was applied to solve some 
special and general third-order IVPS in ordinary 
differential equation. Evidence of the better accuracy of 
our method over existing methods are mentioned in 
Tables 1, 2 and 3. 
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Table  2. The result of test Problem 2. 
 

X-value Exact solution 
New result  

(P =7) 

Error in Olabode 
(2007) (P = 7) 

Error in our new  

method (P = 7) 

0.1 0.904837 0.940837 1.36929E-09 2.4525E-13 

0.2 0.818731 0.818731 3.12272E-08 6.2109E-11 

0.3 0.740818 0.740818 1.27694E-07 1.5746E-10 

0.4 0.670320 0.670320 3.25196E-07 3.1477E-09 

0.5 0.606531 0.606531 6.54297E-07 6.1617E-09 

0.6 0.548812 0.548812 1.14406E-06 9.1732E-09 

0.7 0.496585 0.496585 1.81784E-06 1.3329E-08 

0.8 0.449329 0.449329 2.69774E-06 1.6378E-08 

0.9 0.406570 0.406570 3.80241E-06 1.7134E-08 

1.0 0.367879 0.367879 5.14755E-06 7.4405E-09 

 
 
 

Table 3. The result of test Problem 3. 

 

X-value Exact solution 
New result  

(P =7) 

Error in Olabode (2007)  

(P = 7) 

Error in our new  

method (P = 7) 

0.1 0.915407E+00 0.915407E+00 6.408641E-07 8.54782E-11 

0.2 0.862574E+00 0.862574E+00 1.511330E-05 2.232510E-09 

0.3 0.841561E+00 0.841561E+00 6.364443E-05 5.824412E-08 

0.4 0.850967E+00 0.850967E+00 1.675667E-04 1.226405E-06 

0.5 0.888343E+00 0.888341E+00 3.507709E-04 2.811820E-06 

0.6 0.950606E+00 0.950599E+00 6.410875E-04 6.295841E-06 

0.7 0.103439E+01 0.103438E+01 1.071642E-03 1.695782E-05 

0.8 0.113640E+01 0.113636E+01 1.682213E-03 4.765221E-05 

0.9 0.125367E+01 0.125353E+01 2.520603E-03 1.316541E-04 

1.0 0.138377E+0 0.138343E+0 3.644014E-03 3.417856E-04 
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